
Nonparametric Correction of DistortionDaniel E. Stevenson and Margaret M. FleckDepartment of Computer Science, University of Iowa, Iowa City, IA 52242, USAdes@cs.uiowa.edu, m
eck@cs.uiowa.eduAbstractImages taken with wide-angle and inexpensivemedium-angle lenses show substantial distortion,which will cause many computer vision applications tomalfunction. Parametric calibration algorithms can-not handle the wide range of possible distortion func-tions and they require a known image center, expen-sive equipment, and/or estimation of unneeded pa-rameters. We present a new algorithm to remove dis-tortion. It is similar to the plumb line method butit (a) uses images of spheres rather than lines, (b)corrects to stereographic rather than perspective pro-jection, (c) calibrates aspect ratio, and (d) uses a non-parametric distortion model.1 IntroductionMost computer vision applications assume that theimaging system approximates a particular ideal cam-era model, e.g. pinhole perspective. Real optical sys-tems diverge from these ideal models, distorting thegeometry of the output images. When these distor-tions are large compared to other sources of error, theapplication requires prior calibration. Correction ofdistortion is required by high-precision applications(e.g. industrial inspection). It is also required by ap-plications that need only moderate precision but uselenses with large distortion: wide-angle lenses (e.g.surveillance, mobile robotics, TV news) or inexpen-sive lenses (e.g. products designed for home use, adap-tive technology for the disabled). This paper considersalgorithms suitable for the latter class of applications.Images taken with inexpensive or wide-angle lensesmay diverge substantially from a perspective cameramodel. Figure 1 shows the measured radial projectionfunctions for our eight C-mount and micro-cameralenses, ranging from a 50� (normal �eld of view) lens,to a 116� degree wide-angle lens. Figure 2 illustratesthe e�ect of this distortion on images of spheres. Notone of our lenses is a good approximation to the stan-dard pinhole perspective model.In addition to this radial distortion, an uncali-
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Figure 1: Radial projection functions for eight of ourlenses compared to �ve idealized projection models.Each was normalized to have the value 30 at 30� andthe line y = x was subtracted.brated camera system may have tangential distortion(due to misalignment of lens components), the CCDarray may be tilted relative to the optical axis, andthe ratio of horizontal to vertical distances producedby the digitizer may not be known accurately.This paper presents a new algorithm for correctingdistortion which is simple, can handle large distor-tions, and requires no expensive equipment.2 Camera modelsThe projection geometry of most cameras can bemodeled as perspective projection of the 3D worldonto a sphere (the viewing sphere), followed by a pro-jection � of the sphere onto a plane. For a standardideal camera, � is rotationally symmetric about theoptical axis. Five ideal radial projection functions are



Figure 2: Top: in an ideal perspective image (116�camera image), peripheral spheres are elongated inthe direction towards the image center. Bottom: inimages from our lenses (corrected to have square pix-els), spheres vary from less elongated (left, 116� �eldof view) to elongated in the wrong direction (right,90� �eld of view).used in lens design and mathematics to map an an-gular distance � from the optical axis onto a distancer(�) from the image center:{ perspective: r(�) = k tan�{ stereographic: r(�) = k tan(�2 ){ equidistant: r(�) = k�{ equi-solid angle: r(�) = k sin(�2 ){ sine law: r(�) = k sin�Each ideal projection has useful characteristicproperties [4]. For example, perspective projectionmaps straight 3D lines into straight lines in the planarimage. Stereographic projection projects circles onthe viewing sphere (including images of 3D spheres)onto circles in the planar image [7, 8].Although perspective projection is a popular modelfor narrow-angle or expensive medium-angle lenses, itis not used for wide-angle (140�{220�) or inexpensivemedium-angle (over 60�) lenses. These lenses are de-signed to one of the other four \�sheye" projections(Figure 1, [9, 12, 14]), which support wide �elds ofview without the excessive expansion of peripheral re-gions found in perspective images (�gure 3). Theyalso reduce or eliminate the cos4 � intensity drop-o�in the periphery of perspective images.The radial projection functions for our lenses arecentered about stereographic projection. We believethis is typical of C-mount lenses, because they aredesigned to please human viewers. Of the four �sh-eye projections, stereographic minimizes bending of

Figure 3: (Top) A 240� degree stereographic view ofour lab, creating by rotating the camera into �ve po-sitions and correcting the resulting images with thenew nonparametric distortion algorithm. (Bottom)A 160� perspective image from the same viewpoint,created from three images. Gross expansion of pe-ripheral areas makes perspective unusable for �elds ofview above 140�.straight lines. Furthermore, stereographic projectionis conformal, so an object subtending a small visualangle has the same shape no matter where it appearsin the �eld of view [7, 8].3 Parametric calibrationMost methods of calibrating distortion [2, 3, 10, 11,15, 16, 18] estimate distortion as part of a parametricmodel which also includes other external and internalcamera parameters. These models cannot handle thewide range of distortion patterns found in inexpensiveand wide-angle images. In particular, except for [11]and [16], they use low-order models of radial distortionwhich are incapable of handling the full range of radialdistortion functions (Figure 1 and [14]).The parametric algorithms rely heavily on knowingthe pixel location at which the optical axis intersectsthe image (the image center). This is undesirable, asthe image center is poorly determined by the imagedata: large changes in the position of the image centergenerate only small changes in image appearance [16,18]. Also, these methods require precision targets orprecisely controlled camera motion.Finally, these algorithms integrate correction ofdistortion from the ideal camera model with estimat-ing the parameters of this model (e.g. focal length,



camera center). This results in unnecessary workwhen the application requires only rough estimatesof the parameters. Or, in the case of self-calibrationand perspective invariant algorithms, does not requirethe parameter values at all.4 The New ApproachTwo alternative methods of calibrating distor-tion have shown some promise. The nonparametricmethod of [13] models distortion as a free-form func-tion. In theory, such a method can cope with thefull range of distortions. However, their algorithm re-quires ground truth data that would be di�cult toobtain and their results do not seem very accurate.The plumb line algorithm for removing distortion[2] exploits the fact that straight 3D lines should ap-pear straight in an ideal perspective image. The al-gorithm examines images of many straight lines, andbuilds a distortion function which straightens all thelines as well as possible. Once distortion has beenremoved, numerous methods exist for estimating thefour parameters of the ideal model (image center, fo-cal length, and aspect ratio). However, the plumb lineuses a parametric distortion model, which is complexfor wide-angle lenses and cannot handle complex dis-tortion patterns.Also, the plumb line method corrects images toperspective projection. We would prefer to correctour images to stereographic projection. Stereographicprojection better approximates wide-angle lenses, soundistorting images requires less drastic interpolation.Ideal stereographic projection has only three degreesof freedom (image center and focal length). Finally,object recognition is simpli�ed by the fact that theshape of small objects does not depend on their posi-tion in the �eld of view.Our new method is similar to the plumb linemethod except that our calibration objects arespheres rather than lines, our output projection isstereographic, and we use a nonparametric distortionmodel. Although images of spheres have been usedoccasionally in calibration (e.g. [1]), they have beenused to estimate parameters of perspective projectionin low-distortion images, not to calibrate distortion.5 Algorithm OverviewWe model the imaging geometry of a camera by1) a stereographic imaging model, and2) a smooth distortion function D mapping theactual camera output onto this ideal model.The function D subsumes the e�ects of the standarddistortion parameters, as well as any other sources ofdistortion not described by these models.

Figure 4: Raw output of a Computar 2.6mm lens (left)corrected to stereographic projection (right) using a100-point triangulation.The form of D is constrained by the fact that itsoutput must be a stereographic image. Stereographicimages of 3D are characterized by the fact that theyare the only class of images in which all 3D spheresappear circular [7, 8]. Our calibration algorithm isgiven images of spheres, taken with an uncalibratedcamera. The algorithm then constructs a function Dwhich will make these images as circular as possible.We assume that D is well approximated locally asan a�ne transformation, and that a�ne parametersvary only slowly across the image. The image of each3D sphere then approximates an ellipse in the uncali-brated image, so long as the sphere does not subtenda very large visual angle. The calibration algorithmwarps the image, creating a piecewise a�ne approxi-mation to D.Figure 4 shows a typical output of this algorithmon an image taken with a 116� lens. Most of the dis-tortion from stereographic is due to our framegrabberreturning images with the wrong proportions (non-square pixels). To test the algorithm on more inter-esting distortion, we simulated a pure perspective lensusing calibration information obtained by the methodin [16], both with square pixels and with signi�cantlynon-square pixels (aspect ratio 1.27). Figure 5 showsthat the algorithm can also correct these larger devi-ations from stereographic projection.6 Algorithm ImplementationThe algorithm �rst �ts ellipses to all the inputsphere images. It selects a subset of these ellipses,distributed more uniformly across the image and con-structs a triangulation of the image, using the ellipsecenters as vertices. Finally, it constructs a piecewisea�ne warping of this triangulation, which is returnedas the distortion function D. For increased e�ciency,this piecewise a�ne warping can be easily convertedinto a lookup table.



Figure 5: An image (left) from a (simulated) perspec-tive camera, with an incorrect aspect ratio, and thesame image (right) corrected to stereographic projec-tion, using a 100-point triangulation.6.1 Getting the ellipsesOur test spheres are wooden balls of several sizesfrom a local craft store and spray-painted matte black.They were placed on a light table, to create high-contrast edges. Sphere sizes and viewing distanceswere arranged so that the spheres appear as ellipsesabout 15-50 pixels wide. Much wider sphere imagesmay not approximate ellipses if the true distortionfunction is complex. The ellipse �tting process maybe sensitive to noise on smaller sphere images.From each image, we extract the sphere images by�rst thresholding to separate the sphere images fromthe background. Then a 4-connected component algo-rithm is used to separate the sphere images from eachother. An ellipse is �t to each sphere image, usingmoments to compute the major and minor axes. Wedo not believe that our method requires high accuracyfrom the test spheres or the ellipse �tter.However, it is important that the sphere imagescover as much of the image area as possible: cali-bration is poor for areas containing few spheres. Toproduce uniform coverage, we take pictures of morespheres than we require, subdivide the image into kby k rectangles, and select n sphere images from eachrectangle. The center of each selected ellipse is re-quired to be at least 15 pixels from all other selectedellipse centers.Second, it is important to place spheres as closeas possible to the edges of the image. Because thedistortion parameters often change quickly near theedges of the image, signi�cant errors are introducedif the calibration near the edges is extrapolated frompoints in the interior of the image.6.2 TriangulationWe then construct a constrained Delaunay trian-gulation, using the ellipse centers as vertices. We usean incremental algorithm [5, 6], which must be givena polygonal region R of the plane to triangulate. If

extrapolation to the extreme edges of the image is re-quired, R should be the outer boundary of the image.However, the calibration function is signi�cantly lessaccurate when extrapolation is required. Therefore,for the tests reported in this paper, we con�ned thetriangulation to the convex hull of the ellipse centers.We used a Delaunay triangulation because it canbe computed very e�ciently and because it avoidsproducing long, skinny triangles. Such triangles leadto numerical instability in interpolation algorithms.However, the triangulation code does occasionallyproduce thin triangles adjacent to the boundary ofR: we remove them after triangulation.6.3 Warping each triangleWe then compute the ideal output proportions foreach triangle in the triangulation. These are deter-mined by the ellipses at its vertices. An interior tri-angle has ellipses centered at all three vertices. Tri-angles on the edges of the image may have only oneor two ellipses.Consider a triangle with vertices A, B, and C andan ellipse centered at A. Our goal is to make the el-lipse circular. To do this, we treat A as the origin ofour coordinate system and solve for the a�ne trans-formation which stretches the image in the directionof the minor axis, so as to make the lengths of the mi-nor and major axes equal. We then apply this a�netransformation to compute the new vertex locationsB0 and C 0. This determines lengths for all three sidesof the triangle.Typically, a triangle will have an ellipse at morethan one of its vertices. To combine estimates fromseveral ellipses, we rescale them so that the length ofone side is the same, then average the estimates forthe other two sides. Finally, the lengths are convertedto ratios: the desired proportions for this triangle.6.4 Warping the triangulationWe now compute a warping for the entire triangu-lation. This warping must keep the topological struc-ture of the triangulation intact. It must also achieve,as much as possible, the desired output proportionsfor each triangle. This problem could be phrased asone of minimizing energy (the mismatch between eachtriangle and its desired proportions) and some opti-mal algorithm constructed. However, we have foundthat a simple, incremental method seems to work well.We start by choosing one edge from the triangula-tion, near the middle of the �eld of view. We placethis line segment into the stereographic triangulation,without any modi�cation. This �xes the global scaleand rotation of the stereographic triangulation, while



we are constructing it. Afterwards, it can be rescaledand rotated as desired.Then we start adding the other vertices from thetriangulation, one at a time, into the stereographic tri-angulation. We order the points so that, when eachnew point is added, at least one new triangle is cre-ated in the stereographic triangulation. When thereare multiple choices for which point to add next, thealgorithm works its way around the boundary of thenew triangulation in a spiral fashion: a breadth-�rstrather than depth-�rst expansion of the triangulation.Suppose �rst that the point we want to add, callit p, is connected to the stereographic triangulationby exactly two edges. That is, one new triangle willbe added. One side of this triangle is already in thestereographic triangulation, so its length is �xed. Weuse the desired proportions for the triangle, computedas described in section 6.3, along with this �xed lengthto determine where p must be placed.In some cases, adding the new point p may requireadding more than one triangle. In such cases, we useeach triangle to compute an estimate for p's new po-sition. These estimates are then averaged together toobtain a �nal position for the new vertex.7 Experimental ResultsWe tested the accuracy and stability of the al-gorithm using an NEC NX18A color CCD camera,a Computar 2.6mm lens, and a Datacube Digicolorframegrabber. We photographed spheres in a varietyof positions, resulting in a set of 300 sphere images.From this, we constructed triangulations with threedi�erent densities of measurements: 36, 64 and 100ellipses. The ellipses were selected as described insection 6.1, with the parameters k and n set to (a)k = 6, n = 1, (b) k = 8, n = 1, or (c) k = 5, n = 4.To measure accuracy, we tested how well the algo-rithm succeeded at its main goal: ensuring that 3Dspheres appear circular in the output image. Threewarping functions were computed, using triangula-tions of 36, 64, and 100 ellipses. We took photographsof 77 new spheres, ranging in radius from 18 pixels to127 pixels, and undistorted them using each triangu-lation. A circle C was �t to each boundary. Finally,we computed the standard deviation of the distancesfrom the center of C to the actual boundary.Figure 6 shows the deviations from circularity forthe raw camera output. The smallest sphere bound-aries show errors dominated by digitization of bound-aries. (We use a nearest-pixel edge �nder.) The in-creasing error for the larger sphere boundaries re
ectsdistortion from stereographic projection. In the cor-rected images (�gure 7) errors are all near the level of
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