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Abstract

1 Introduction

Most computer vision applications assume that the
imaging system approximates a particular ideal camera model, e.g. pinhole perspective. Real optical systems diverge from these ideal models, distorting the
geometry of the output images. When these distortions are large compared to other sources of error, the
application requires prior calibration. Correction of
distortion is required by high-precision applications
(e.g. industrial inspection). It is also required by applications that need only moderate precision but use
lenses with large distortion: wide-angle lenses (e.g.
surveillance, mobile robotics, TV news) or inexpensive lenses (e.g. products designed for home use, adaptive technology for the disabled). This paper considers
algorithms suitable for the latter class of applications.
Images taken with inexpensive or wide-angle lenses
may diverge substantially from a perspective camera
model. Figure 1 shows the measured radial projection
functions for our eight C-mount and micro-camera
lenses, ranging from a 50 (normal eld of view) lens,
to a 116 degree wide-angle lens. Figure 2 illustrates
the e ect of this distortion on images of spheres. Not
one of our lenses is a good approximation to the standard pinhole perspective model.
In addition to this radial distortion, an uncali-
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Images taken with wide-angle and inexpensive
medium-angle lenses show substantial distortion,
which will cause many computer vision applications to
malfunction. Parametric calibration algorithms cannot handle the wide range of possible distortion functions and they require a known image center, expensive equipment, and/or estimation of unneeded parameters. We present a new algorithm to remove distortion. It is similar to the plumb line method but
it (a) uses images of spheres rather than lines, (b)
corrects to stereographic rather than perspective projection, (c) calibrates aspect ratio, and (d) uses a nonparametric distortion model.
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Figure 1: Radial projection functions for eight of our
lenses compared to ve idealized projection models.
Each was normalized to have the value 30 at 30 and
the line y = x was subtracted.
brated camera system may have tangential distortion
(due to misalignment of lens components), the CCD
array may be tilted relative to the optical axis, and
the ratio of horizontal to vertical distances produced
by the digitizer may not be known accurately.
This paper presents a new algorithm for correcting
distortion which is simple, can handle large distortions, and requires no expensive equipment.

2 Camera models

The projection geometry of most cameras can be
modeled as perspective projection of the 3D world
onto a sphere (the viewing sphere), followed by a projection  of the sphere onto a plane. For a standard
ideal camera,  is rotationally symmetric about the
optical axis. Five ideal radial projection functions are

Figure 2: Top: in an ideal perspective image (116
camera image), peripheral spheres are elongated in
the direction towards the image center. Bottom: in
images from our lenses (corrected to have square pixels), spheres vary from less elongated (left, 116 eld
of view) to elongated in the wrong direction (right,
90 eld of view).
used in lens design and mathematics to map an angular distance from the optical axis onto a distance
r( ) from the image center:
{ perspective: r( ) = k tan
{ stereographic: r( ) = k tan( 2 )
{ equidistant: r( ) = k
{ equi-solid angle: r( ) = k sin( 2 )
{ sine law: r( ) = k sin
Each ideal projection has useful characteristic
properties [4]. For example, perspective projection
maps straight 3D lines into straight lines in the planar
image. Stereographic projection projects circles on
the viewing sphere (including images of 3D spheres)
onto circles in the planar image [7, 8].
Although perspective projection is a popular model
for narrow-angle or expensive medium-angle lenses, it
is not used for wide-angle (140{220) or inexpensive
medium-angle (over 60) lenses. These lenses are designed to one of the other four \ sheye" projections
(Figure 1, [9, 12, 14]), which support wide elds of
view without the excessive expansion of peripheral regions found in perspective images ( gure 3). They
also reduce or eliminate the cos4 intensity drop-o
in the periphery of perspective images.
The radial projection functions for our lenses are
centered about stereographic projection. We believe
this is typical of C-mount lenses, because they are
designed to please human viewers. Of the four sheye projections, stereographic minimizes bending of

Figure 3: (Top) A 240 degree stereographic view of
our lab, creating by rotating the camera into ve positions and correcting the resulting images with the
new nonparametric distortion algorithm. (Bottom)
A 160 perspective image from the same viewpoint,
created from three images. Gross expansion of peripheral areas makes perspective unusable for elds of
view above 140.
straight lines. Furthermore, stereographic projection
is conformal, so an object subtending a small visual
angle has the same shape no matter where it appears
in the eld of view [7, 8].

3 Parametric calibration

Most methods of calibrating distortion [2, 3, 10, 11,
15, 16, 18] estimate distortion as part of a parametric
model which also includes other external and internal
camera parameters. These models cannot handle the
wide range of distortion patterns found in inexpensive
and wide-angle images. In particular, except for [11]
and [16], they use low-order models of radial distortion
which are incapable of handling the full range of radial
distortion functions (Figure 1 and [14]).
The parametric algorithms rely heavily on knowing
the pixel location at which the optical axis intersects
the image (the image center). This is undesirable, as
the image center is poorly determined by the image
data: large changes in the position of the image center
generate only small changes in image appearance [16,
18]. Also, these methods require precision targets or
precisely controlled camera motion.
Finally, these algorithms integrate correction of
distortion from the ideal camera model with estimating the parameters of this model (e.g. focal length,

camera center). This results in unnecessary work
when the application requires only rough estimates
of the parameters. Or, in the case of self-calibration
and perspective invariant algorithms, does not require
the parameter values at all.

4 The New Approach

Two alternative methods of calibrating distortion have shown some promise. The nonparametric
method of [13] models distortion as a free-form function. In theory, such a method can cope with the
full range of distortions. However, their algorithm requires ground truth data that would be dicult to
obtain and their results do not seem very accurate.
The plumb line algorithm for removing distortion
[2] exploits the fact that straight 3D lines should appear straight in an ideal perspective image. The algorithm examines images of many straight lines, and
builds a distortion function which straightens all the
lines as well as possible. Once distortion has been
removed, numerous methods exist for estimating the
four parameters of the ideal model (image center, focal length, and aspect ratio). However, the plumb line
uses a parametric distortion model, which is complex
for wide-angle lenses and cannot handle complex distortion patterns.
Also, the plumb line method corrects images to
perspective projection. We would prefer to correct
our images to stereographic projection. Stereographic
projection better approximates wide-angle lenses, so
undistorting images requires less drastic interpolation.
Ideal stereographic projection has only three degrees
of freedom (image center and focal length). Finally,
object recognition is simpli ed by the fact that the
shape of small objects does not depend on their position in the eld of view.
Our new method is similar to the plumb line
method except that our calibration objects are
spheres rather than lines, our output projection is
stereographic, and we use a nonparametric distortion
model. Although images of spheres have been used
occasionally in calibration (e.g. [1]), they have been
used to estimate parameters of perspective projection
in low-distortion images, not to calibrate distortion.

5 Algorithm Overview

We model the imaging geometry of a camera by
1) a stereographic imaging model, and
2) a smooth distortion function D mapping the
actual camera output onto this ideal model.
The function D subsumes the e ects of the standard
distortion parameters, as well as any other sources of
distortion not described by these models.

Figure 4: Raw output of a Computar 2.6mm lens (left)
corrected to stereographic projection (right) using a
100-point triangulation.
The form of D is constrained by the fact that its
output must be a stereographic image. Stereographic
images of 3D are characterized by the fact that they
are the only class of images in which all 3D spheres
appear circular [7, 8]. Our calibration algorithm is
given images of spheres, taken with an uncalibrated
camera. The algorithm then constructs a function D
which will make these images as circular as possible.
We assume that D is well approximated locally as
an ane transformation, and that ane parameters
vary only slowly across the image. The image of each
3D sphere then approximates an ellipse in the uncalibrated image, so long as the sphere does not subtend
a very large visual angle. The calibration algorithm
warps the image, creating a piecewise ane approximation to D.
Figure 4 shows a typical output of this algorithm
on an image taken with a 116 lens. Most of the distortion from stereographic is due to our framegrabber
returning images with the wrong proportions (nonsquare pixels). To test the algorithm on more interesting distortion, we simulated a pure perspective lens
using calibration information obtained by the method
in [16], both with square pixels and with signi cantly
non-square pixels (aspect ratio 1.27). Figure 5 shows
that the algorithm can also correct these larger deviations from stereographic projection.

6 Algorithm Implementation

The algorithm rst ts ellipses to all the input
sphere images. It selects a subset of these ellipses,
distributed more uniformly across the image and constructs a triangulation of the image, using the ellipse
centers as vertices. Finally, it constructs a piecewise
ane warping of this triangulation, which is returned
as the distortion function D. For increased eciency,
this piecewise ane warping can be easily converted
into a lookup table.

Figure 5: An image (left) from a (simulated) perspective camera, with an incorrect aspect ratio, and the
same image (right) corrected to stereographic projection, using a 100-point triangulation.

6.1 Getting the ellipses

Our test spheres are wooden balls of several sizes
from a local craft store and spray-painted matte black.
They were placed on a light table, to create highcontrast edges. Sphere sizes and viewing distances
were arranged so that the spheres appear as ellipses
about 15-50 pixels wide. Much wider sphere images
may not approximate ellipses if the true distortion
function is complex. The ellipse tting process may
be sensitive to noise on smaller sphere images.
From each image, we extract the sphere images by
rst thresholding to separate the sphere images from
the background. Then a 4-connected component algorithm is used to separate the sphere images from each
other. An ellipse is t to each sphere image, using
moments to compute the major and minor axes. We
do not believe that our method requires high accuracy
from the test spheres or the ellipse tter.
However, it is important that the sphere images
cover as much of the image area as possible: calibration is poor for areas containing few spheres. To
produce uniform coverage, we take pictures of more
spheres than we require, subdivide the image into k
by k rectangles, and select n sphere images from each
rectangle. The center of each selected ellipse is required to be at least 15 pixels from all other selected
ellipse centers.
Second, it is important to place spheres as close
as possible to the edges of the image. Because the
distortion parameters often change quickly near the
edges of the image, signi cant errors are introduced
if the calibration near the edges is extrapolated from
points in the interior of the image.

6.2 Triangulation

We then construct a constrained Delaunay triangulation, using the ellipse centers as vertices. We use
an incremental algorithm [5, 6], which must be given
a polygonal region R of the plane to triangulate. If

extrapolation to the extreme edges of the image is required, R should be the outer boundary of the image.
However, the calibration function is signi cantly less
accurate when extrapolation is required. Therefore,
for the tests reported in this paper, we con ned the
triangulation to the convex hull of the ellipse centers.
We used a Delaunay triangulation because it can
be computed very eciently and because it avoids
producing long, skinny triangles. Such triangles lead
to numerical instability in interpolation algorithms.
However, the triangulation code does occasionally
produce thin triangles adjacent to the boundary of
R: we remove them after triangulation.

6.3 Warping each triangle

We then compute the ideal output proportions for
each triangle in the triangulation. These are determined by the ellipses at its vertices. An interior triangle has ellipses centered at all three vertices. Triangles on the edges of the image may have only one
or two ellipses.
Consider a triangle with vertices A, B , and C and
an ellipse centered at A. Our goal is to make the ellipse circular. To do this, we treat A as the origin of
our coordinate system and solve for the ane transformation which stretches the image in the direction
of the minor axis, so as to make the lengths of the minor and major axes equal. We then apply this ane
transformation to compute the new vertex locations
B 0 and C 0 . This determines lengths for all three sides
of the triangle.
Typically, a triangle will have an ellipse at more
than one of its vertices. To combine estimates from
several ellipses, we rescale them so that the length of
one side is the same, then average the estimates for
the other two sides. Finally, the lengths are converted
to ratios: the desired proportions for this triangle.

6.4 Warping the triangulation

We now compute a warping for the entire triangulation. This warping must keep the topological structure of the triangulation intact. It must also achieve,
as much as possible, the desired output proportions
for each triangle. This problem could be phrased as
one of minimizing energy (the mismatch between each
triangle and its desired proportions) and some optimal algorithm constructed. However, we have found
that a simple, incremental method seems to work well.
We start by choosing one edge from the triangulation, near the middle of the eld of view. We place
this line segment into the stereographic triangulation,
without any modi cation. This xes the global scale
and rotation of the stereographic triangulation, while

7 Experimental Results

We tested the accuracy and stability of the algorithm using an NEC NX18A color CCD camera,
a Computar 2.6mm lens, and a Datacube Digicolor
framegrabber. We photographed spheres in a variety
of positions, resulting in a set of 300 sphere images.
From this, we constructed triangulations with three
di erent densities of measurements: 36, 64 and 100
ellipses. The ellipses were selected as described in
section 6.1, with the parameters k and n set to (a)
k = 6, n = 1, (b) k = 8, n = 1, or (c) k = 5, n = 4.
To measure accuracy, we tested how well the algorithm succeeded at its main goal: ensuring that 3D
spheres appear circular in the output image. Three
warping functions were computed, using triangulations of 36, 64, and 100 ellipses. We took photographs
of 77 new spheres, ranging in radius from 18 pixels to
127 pixels, and undistorted them using each triangulation. A circle C was t to each boundary. Finally,
we computed the standard deviation of the distances
from the center of C to the actual boundary.
Figure 6 shows the deviations from circularity for
the raw camera output. The smallest sphere boundaries show errors dominated by digitization of boundaries. (We use a nearest-pixel edge nder.) The increasing error for the larger sphere boundaries re ects
distortion from stereographic projection. In the corrected images ( gure 7) errors are all near the level of
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Figure 6: Deviation from circularity in the raw camera
image: standard deviations of radii for each circle,
plotted against the circle's radius.
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we are constructing it. Afterwards, it can be rescaled
and rotated as desired.
Then we start adding the other vertices from the
triangulation, one at a time, into the stereographic triangulation. We order the points so that, when each
new point is added, at least one new triangle is created in the stereographic triangulation. When there
are multiple choices for which point to add next, the
algorithm works its way around the boundary of the
new triangulation in a spiral fashion: a breadth- rst
rather than depth- rst expansion of the triangulation.
Suppose rst that the point we want to add, call
it p, is connected to the stereographic triangulation
by exactly two edges. That is, one new triangle will
be added. One side of this triangle is already in the
stereographic triangulation, so its length is xed. We
use the desired proportions for the triangle, computed
as described in section 6.3, along with this xed length
to determine where p must be placed.
In some cases, adding the new point p may require
adding more than one triangle. In such cases, we use
each triangle to compute an estimate for p's new position. These estimates are then averaged together to
obtain a nal position for the new vertex.
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Figure 7: Deviation from circularity in the output
of calibration: standard deviations of radii for each
circle, plotted against the circle's radius.
digitization noise. Performance does not seem to be
very sensitive to the number of ellipses used to create
the triangulation: results for the 36-ellipse triangulation still look good.
To test stability, constructed 20 di erent triangulations, each based on 64 randomly chosen ellipses. As
always, the selection algorithm in section 6.1 was used
to ensure uniform spacing. We selected one triangulation, whose output image was about 544 by 409 pixels,
as reference. The other triangulations were normalized so as to have the same global scale and orientation
as the reference. See [17] for details.
Then a grid of 20 by 20 uniformly spaced points
in the input image was warped to stereographic, using the normalized triangulations. The di erences between matching points were computed, for all pairs of
triangulations. Figure 8 shows a histogram of these
distances. The mean was only 1.84 pixels and there
were relatively few extreme values.
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Figure 8: Distances between corresponding points
in images corrected using 20 di erent triangulations.
The reference output image was about 544 by 409 pixels. The mean is 1.84 pixels, the standard deviation
is 1.98 pixels, and the maximum is 26.4 pixels. Of
87; 289 pairs of points, only 76 (< 0:1%) were further
than 15 pixels apart.

8 Conclusions

This paper has presented a new method for calibrating images, in which a free-form distortion function is used to convert the raw camera output into an
ideal stereographic image. The distortion function is
estimated using the de ning property of stereographic
projection: images of spheres are circular. It does not
require the elaborate parametric models used by previous algorithms, nor does it require a prior estimate
for the image center.
Our estimation algorithm is probably not optimal.
However, we have shown that its output is stable and
accurate enough for many computer vision applications. Furthermore, the procedure is very simple, fast,
and requires only inexpensive equipment. We hope
that it will encourage more implementers to calibrate
their lenses, and encourage more extensive use of calibration in applications (e.g. mobile robotics) where
peripheral vision is known to be very useful.
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